ABSTRACT In this paper, we present stability of a field programmable gate array (FPGA)-based emulator for single-phase half-bridge inverters operated in stand-alone and grid connected modes. The emulator is not only sufficiently accurate to emulate the characteristic behavior of the inverters, but also is sufficiently simple to be implementable on limited FPGA resources. This implementation enables the inverter developers to evaluate the FPGA-based high-speed controller in the early process by a real-time simulator system, which is unable for offline commercial simulation software packages. The discrete-time models, which are implementable on FPGA, are derived by discretizing the continuous-time models of the inverter using the forward-difference method. The stability analysis for the proposed inverter models showed that the quite small values of internal resistances of the inductors may have a serious effect on the stability, which is one of the most important properties of the inverter mathematical model. The experimental results show that the proposed emulator yields voltage, and current responses, which match with that of the real inverter circuit almost exactly under the same digital controller. The results also show that the responses of the emulators are consistent with the stability analysis for the inverter models.
I. INTRODUCTION
Distributed energy, which is composed of numerous distributed small sources, such as diesel, gas, fuel turbines, and renewable energy, has become a solution to most countries in term of energy security concerns, power quality issues, and emission standards [1] - [3] . A distributed power system can be connected to an existing power grid to supply generated power to the grid, or be operated as a stand-alone isolated system at remote locations [4] - [6] . Inverter technologies play an important role enabling higher efficiency, wider area, and realization of such various distributed power networks [7] - [10] . The conventional method to design an inverter and its controller, which is based on experiments directly, takes a lot of time and cost to develop a new inverter. Nowadays, most inverter designs rely on off-line simulations in the early design stage, and on hardware prototypes in the final design and testing stages [11] - [13] .
Due to the requirement of high performance, and the increasing switching frequency to reduce the size of inverters, FPGA-based high-speed digital controllers with sampling frequencies in the MHz level are becoming more and more popular [14] - [16] . However, most commercial off-line simulation software packages are generally slow, and available only for controllers, which are implemented on microprocessor or DSP (Digital Signal Processor) with the sampling frequencies at kHz level. A high-speed FPGAbased, real time emulator can evaluate the high-speed digital controllers, which are also implemented on FPGA, while reducing development time and cost [17] - [20] . Although FPGAs have an advantage in high-speed computation, a complex algorithm usually requires a high-spec FPGA with large resources of programmable logic blocks, which usually is at high-price [21] . To reduce the cost, FPGA-based emulators not only need to be sufficiently accurate to emulate the characteristic behavior of the inverters, but also be sufficiently simple, as to be implementable on limited FPGA logic blocks. This paper presents a FPGA based emulator and its stability analysis for single-phase halfbridge inverters operated in stand-alone and grid connected modes.
The paper is organized as follows. Sections 2, and 3 present the continuous-time models and their stability for the inverter with, and without of considering the internal resistances of the inductors. Their corresponding discrete-time models implementable on FPGA are derived in session 4. The digital hysteresis current control used to assess the emulator is presented in Section 5. In Section 6, the experiment results are shown to illustrate the performances of the proposed emulator. Conclusions are given in Section 7.
II. STABILITY OF CONTINUOUS-TIME MODELS FOR HALF-BRIDGE INVERTER IGNORING INTERNAL RESISTANCES OF INDUCTORS
In this session, we will present continuous-time models and their stabilities for half-bridge inverters operated in standalone and grid-connected modes ignoring the internal resistance of the inductors. 
A. STAND-ALONE MODE INVERTER
Consider a single-phase half-bridge inverter circuit operated in the stand-alone mode shown in Fig. 1 [6] , [22] . The DC voltage is supplied by two constant and balanced DC sources, each of which has a value of V dc . Parameters C, L, and L g present the output capacitor, output inductor, and gridconnected inductor respectively. The internal resistances of the inductors L and L g are r and r g , respectively. The output of the inverter is connected to a resistor load R. The inverter is controlled by the switching devices S 1 and S 2 .
Let i L , i o , and v o are the ripple current, output current, and output voltage of the inverter, respectively. The values of the internal resistors r and r g are small, and are ignored in this session (r = r g = 0). Using the Kirchhoff's circuit laws, we can represent the inverter circuit showed in Fig. 1 by a continuous-time model composing of the following three characteristic differential equations
where v in is the control input, which takes the value of ±V dc , corresponding to the ON/OFF state of the switching devices S 1 and S 2 .
Let a state vector x defined by
Then, the dynamic linear system given by eqs. (1)- (3) can be written in the vector form as
where the system matrix A, and input vector b are given by
The characteristic equation [23] of the linear system given by eq. (5) can be written as
where λ is eigenvalue of the system matric A.
The first column of Routh-Hurwitz table [23] for the characteristic polynomial (8) is given by
The values of R, C, and L g in eq. (9) are positive. Thus, all these elements of the first column of Routh-Hurwitz table shown by eq. (9) are positive, and the system given by the state equation (5) is asymptotic stable following the Routh-Hurwitz stability criterion [23] . 
B. GRID-CONNECTED MODE INVERTER
Consider an inverter, which is similar to that in Section A, but is operated in the grid-connected mode as shown in Figure 2 . The output of the inverter is connected to a grid, which has the voltage of v g . When the internal resistance r, and r g are ignored, the characteristic equations for the grid-connected inverter circuit in Fig. 2 are given by
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The linear system given by eqs. (10)- (12) can be written in the vector form as dx dt
where the state vector x is defined as eq. (4). The system matrix A, and vectors b, c are given by
The eigenvalues of the system matrix A can be calculated simply, and are given as
All the eigenvalues of system matrix A have zero real parts. Thus, the linear system given by eq. (13) is not asymptotic stable [24] .
III. STABILITY OF CONTINUOUS-TIME MODELS FOR HALF-BRIDGE INVERTER CONSIDERING INTERNAL RESISTANCES OF INDUCTORS
In this session, we consider the same inverter circuit used in Section 2, but with consideration of the internal resistances of the output and grid-connected inductors. Since the values of these internal resistances are quite small, they may change the stabilities of the inverter models, as will be shown as below.
A. STAND-ALONE MODE INVERTER
Using the Kirchhoff's circuit laws, we can present the inverter circuit in Fig. 1 with the non-zero internal resistances (r, r g = 0) by the following characteristic differential equations
The vector form of the linear system given by eqs. (18)- (20) can be written as
where
The characteristic equation of system (21) is given by
The first column of Routh-Hurwitz table for the characteristic polynomial (24) is given by
All these elements of the first column of Routh-Hurwitz table (25) are positive. Thus, by using Routh-Hurwitz stability criterion for characteristic eq. (24), we find the system given by (18) is asymptotic stable [23] .
B. GRID-CONNECTED MODE INVERTER
The characteristic equations for the circuit in Fig. 2 with the internal resistances r, r g = 0 are given by
We can write the linear system given by eqs. (26)- (28) in a vector form as dx dt
The characteristic equation of system shown in (29) can be written as
The first column of Routh-Hurwitz table for the characteristic polynomial (33) is given by
(34) VOLUME 6, 2018 All these elements of the first column of Routh-Hurwitz table (34) are positive. Thus, by using Routh-Hurwitz stability criterion for characteristic eq. (33), we find the system given by (29) is asymptotic stable.
The continuous-time models for stand-alone inverter are asymptotic stable either with or without consideration of internal resistances of the inductors. However, for the gridconnected inverter, the model considering internal resistances of the inductors is asymptotic stable, while the model ignoring the internal resistances is not asymptotic stable. Although the values of internal resistances are quite small compared with other electrical components, they may have a serious effect on the stability, which is one of the most important properties of the inverter mathematical model.
IV. DISCRETE-TIME MODELS FOR HALF-BRIDGE INVERTERS
The implementation of the continuous-time models on the FPGA requires their correspondent discrete-time models. Let the clock time interval of the FPGA is T s . In this session, the discrete-time models for half-bridge inverters are derived by discretizing the proposed continuoustime models in Section 2, and 3 using forward-difference method [25] .
Let the continuous-time models of the stand-alone inverter without, and with considering the internal resistances of the inductors are SA_CTM1, and SA_CTM2; the continuous-time models of the grid-connected inverter without, and with considering the internal resistances are GC_CTM1, and GC_CTM2. The models SA_CTM1, SA_CTM2, GC_CTM1, and GC_CTM2 are given by eqs. (28) respectively. The correspondent discrete-time versions of these models using forward difference method are SA_DTM1, SA_DTM2, GC_DTM1, and GC_DTM2, given by The above discrete-time models are only composed of addition and multiplication, which are sufficiently simple to be implemented on high speed FPGA. Figure 3 shows the LabVIEW program, which is implemented on FPGA, for the proposed discrete-time models of stand-alone and gridconnected inverters.
V. DIGITAL HYSTERESIS CONTROLLER
There are two main methods to control a switching inverter: linear sine-triangle PWM (Pulse Width Modulation), and hysteresis current control methods. While the popular linear sine-triangle PWM technique requires a PI (ProportionalIntegral) regulator to modulate the current error, which may lead to an unavoidable delay [22] , [26] , the hysteresis current control has fast and stable dynamic response, and does not require any information about the system parameters, which enhances its robustness [27] , [28] . In this study, the hysteresis current control is applied to control the inverter operated in both stand-alone, and grid-connected modes.
The implementation of hysteresis current control is based on switching signal that is derived by comparison the actual current and the tolerance band around the reference current (Fig. 4) . In classical hysteresis controllers, the current band is normally fixed to a certain value, which makes the switching frequency varies to control the current ripple within the band. However, in our study, we use an adaptive hysteresis current control, whose current band is controlled adaptively to maintain the switching frequency at constant. The hysteresis current band is calculated using the measured output voltage and the desired constant switching frequency as [29] 
where T sw = 1/f sw , and f sw is constant switching frequency. The stand-alone inverter receives the power from DC source to produce a given reference output voltage v ref , which connected to the load. The output voltage is controlled indirectly by the hysteresis current control with the reference current is calculated as [30] 
where C is the output capacitor of the inverter. In the grid-connected mode, the output of the inverter is connected to grid directly. The inverter is controlled to supply a given electrical power P to the grid. The reference current used for the hysteresis current control in this case is calculated as
where V g is the maximum value of the grid voltage.
VI. EXPERIMENTAL RESULTS
The experimental inverter circuit and the control system are shown by Fig. 5 . The inverter circuit is designed with the 
A. STAND-ALONE MODE INVERTER
The output voltage of the inverter in stand-alone mode was controlled to produce a reference ac voltage, which is given by
The output of the inverter was connected to a load, which had a value of R = 100 . Figures 6-8 show the voltage and current responses of the real inverter circuit, the emulators with and without consideration of the internal resistances respectively, using the same controller. Both these emulators yield voltage and current responses (Fig. 7, 8) , which are stable, and match almost exactly with that of the inverter circuit (Fig. 6 ). There is no difference between the emulators with and without considering the internal resistances of the inductors. Figures 9,  10 show the responses of the real inverter circuit, and the emulator with considering internal resistances when the load is injected into the output of the inverter. The voltage and current responses of the emulator are very close to that of the real inverter circuit. The emulator also gives good performance with the reference DC voltage.
B. GRID-CONNECTED MODE INVERTER
The output of the inverter was connected to a grid, which had the ac voltage of 100 V, 50 Hz. The inverter was controlled to send a power of P = 100 W to the grid. Figures 11-13 show the voltage and current responses of the real inverter circuit, the emulators with and without consideration of the internal resistances respectively, using the same controller. The emulator considering the internal resistances yields the voltage and current responses (Fig. 12) , which are stable, and match almost exactly with that of the inverter circuit (Fig. 11) . While, the voltage and current responses of the emulator ignoring the internal resistances oscillate, and differ from that of the real inverter circuit (Fig. 13) . These experimental results are consistent with the stability analysis in session 3.
VII. CONCLUSION
A FPGA based emulator with stability analysis has been proposed for single-phase half-bridge inverters operated in stand-alone and grid connected modes. The emulator is not only sufficiently accurate to emulate the characteristic behavior of the inverters, but is also sufficiently simple to be implementable on limited FPGA resources. This implementation enables inverter developer to evaluate the FPGA based high-speed controller as a real-time simulator system, which is unable for offline commercial simulation software. The stability analysis for the proposed inverter models showed that both of the models for the stand-alone inverter with and without consideration of the internal resistances of the inductors are stable. However, for the grid-connected inverter, the model considering the internal resistances is stable, while the one ignoring the internal resistances is not. The emulators were assessed by using the FPGA-based digital adaptive hysteresis control with the sampling frequency at 4 MHz. The experimental results show that the proposed emulator yields voltage, and current responses, which match with that of the real inverter circuit almost exactly under the same digital controller. The results also show that the responses of the emulators are consistent with the stability analysis for the inverter models. VOLUME 6, 2018 TRIET NGUYEN-VAN (M'14) received the B.S., M.S., and Ph.D. degrees in system control engineering from the University of Tsukuba, Japan, in 2010, 2012, and 2015, respectively. He is currently a Project Assistant Professor with The University of Tokyo. His research interests include sampled-data control, nonlinear control, power control, and smart-grid.
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